Abstract. We prove the Borisov-Nuer conjecture which states that every element in the even unimodular lattice of signature (1, 9) can be expressed as the difference of two elements of squared length −2. As a consequence, every unnodal Enriques surface admits an Ulrich line bundle.
Introduction
An Ulrich bundle on a smooth projective variety X is a vector bundle E such that H
• (X, E(−1)) = . . . = H • (X, E(− dim(X))) = 0.
Ulrich bundles were first studied in the setting of algebraic geometry by Eisenbud and Schreyer [9] and have come to play a central role in several areas, including Boij-Söderberg theory [8] , Chow forms of projective varieties [9] and the minimal resolution conjecture [1] . Examples of Ulrich bundles of rank > 1 have been found for several classes of varieties, including abelian surfaces [3] , smooth curves [9] , Grassmannians [7] , complete intersections [10] , K3 surfaces [1] and del Pezzo surfaces [6] . In contrast, there are far fewer examples of Ulrich line bundles; indeed, such bundles are exceptional as they cannot exist for any smooth projective variety of degree > 1 and Pic(X) = Z [4] . Examples of unnodal Enriques surfaces (i.e. Enriques surfaces containing no rational curves) admitting an Ulrich line bundle were obtained by Borisov and Nuer in [5] . Borisov and Nuer were unable to prove that every unnodal Enriques surface admits an Ulrich line bundle, but showed the result would follow if every element of the even unimodular lattice of signature (1, 9) can be expressed as the difference of two elements both of squared length −2, which they conjectured to be true [5] 1 . In this very short note, we prove their conjecture in full using no more than elementary lattice theory.
Proof
Let Λ = U ⊕ E 8 where U is the hyperbolic plane and E 8 is the even unimodular lattice of signature (0, 8), let O(Λ) denote the orthogonal group of Λ and let x 2 denote the inner product (x, x) for x ∈ Λ. Theorem 2.1. Any element x ∈ Λ can be expressed as w − v = x where w, v ∈ Λ and w 2 = v 2 = −2.
Proof. Take a Z-basis e, f ∈ U satisfying (e, e) = (f, f ) = 0 and (e, f ) = 1. For a, b ∈ Z and z 1 ∈ E 8 , let (a, b, z 1 ) denote the element z = ae + bf + z 1 ∈ Λ. As there is nothing to show if x = 0, suppose that 0 = x = ky ∈ Λ for k ∈ N and y ∈ Λ primitive of squared length y 2 = 2d. We show that there exists g ∈ O(Λ) and w = (a, b, w 1 ) ∈ Λ so that w 2 = −2 and g(w) − g(v) = x where v = (−1, 1, 0) .
Then a ≥ 1, b > 1 and 2ab > 2. If ∆ := −2ab − 2 then ∆ < 0 and 2k 2 |∆. By Corollary 1.12.3 of [11] , there exists primitive
and w 2 = 2ab + w 2 1 = 2ab + ∆ = −2. As w ′ 1 is primitive and w − v ≡ 0 mod k then z := k −1 (w − v) ∈ Λ is primitive. As y is primitive and z 2 = y 2 then, by the weak analogue of Witt's theorem (Proposition 1.14.1 of [11] ) there exists g ∈ O(Λ) so that g(z) = y (where the necessary conditions follow from Theorem 1.12.2, Theorem 1.13.2 and Theorem 1.14.2 of [11] ), from which the statement follows. If d < 0, let a = −2k − 1 and b = k 2 d − 2k + 1 and proceed as in the case d ≥ 0.
